Antiferromagnetic skyrmion crystals are magnetic phases predicted to exist in antiferromagnets with Dzyaloshinskii-Moriya interactions. Their spatially periodic noncollinear magnetic texture gives rise to topological bulk magnon bands characterized by nonzero Chern numbers. We find topologically-protected chiral magnonic edge states over a wide range of magnetic fields and Dzyaloshinskii-Moriya interaction values. Moreover, and of particular importance for experimental realizations, edge states appear at the lowest possible energies, namely, within the first bulk magnon gap. Thus, antiferromagnetic skyrmion crystals show great promise as novel platforms for topological magnonics.
Interest in antiferromagnets has been recently renewed in part due to progress in the theoretical understanding of their interaction with electric currents [1] [2] [3] [4] that culminated in the experimental demonstration of the electrical switching of CuMnAs [5] and the consequent prospect of future applications. Apart from being more ubiquitous in Nature than ferromagnets, antiferromagnets enjoy attractive properties: lack of stray fields, insensitiveness to external magnetic field perturbations, and ultrafast dynamics in the THz range [6] [7] [8] [9] . Moreover, spintronics research on antiferromagnets has led to the study of spin currents carried by magnetic excitations [10] [11] [12] [13] [14] [15] . However, losses due to Joule heating hinder the design of low-power spintronic devices, making insulating antiferromagnets without itinerant electrons most preferable candidate materials [16] .
Besides low dissipation, another sought-after property is the ability to reliably control magnon spin currents. Inspired by insights from topological matter research [17] , suitable candidates where this could be achieved are the recently predicted topological magnonic insulators [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . These spatially periodic magnetic systems possess topological bulk magnon bands and hence could host topologically-protected chiral or helical edge states, i.e., stable unidirectional channels for magnon spin currents localized at the edges of the sample. One route to realize them, which allows high tunability, exploits the emergent gauge fields of magnetic textures [29] [30] [31] induced by Dzyaloshinskii-Moriya interactions (DMI), as shown in particular for ferromagnetic [31, 32] and ferrimagnetic [33] skyrmion crystals (SkX).
Motivated by the promising traits of antiferromagnets and the need for low-dissipation materials, in this letter we report our numerical study of the topology of the magnonic excitations supported by an electrically insulating antiferromagnetic skyrmion crystal (AFM-SkX) [34, 35] , depicted in Fig. 1 . An important advantage of AFM-SkX's over previously considered antiferromagnets [36, 37] is the possibility to obtain topologically-protected magnonic edge states at sufficiently low energies (where level broadening due to magnon-magnon interactions is minimal [38] ). This results from the larger number of spins in the magnetic unit cell, thus accommodating more magnon bands at lower energies. Furthermore, we find topologically-protected chiral magnonic edge states within the first bulk magnon gap, at the lowest possible energies they can exist and where the noninteracting magnon approximation adopted in the following is expected to work best.
Model. We employ the spin-lattice Hamiltonian
with S r a spin-S operator at site r of a triangular lattice with lattice constant a located on the xy-plane. It takes into account nearest neighbor antiferromagnetic exchange interaction and interfacial DMI. µ B being the gyromagnetic ratio and Bohr magneton, respectively.
Using Monte Carlo simulated annealing [39] first and then time evolution according to a reduced version of the Landau-Lifshitz-Gilbert equations [40] , we build the classical phase diagram at zero temperature of this model as a function of D/J and magnetic field, for systems with 28×28 and 30×30 spins (see Fig. 2 ). The static spin structure factor and the topological charge [41] , Q, are used to classify the magnetic phases. At low magnetic fields the helical phase is realized while at higher fields a crystal of magnetic vortices stabilizes. For intermediate magnetic fields the system favors the AFM-SkX, shown in Fig. 1 , composed of three interpenetrating sublattices, each of which corresponds to a ferromagnetic SkX. While the AFM-SkX magnetic unit cell carries Q = −1 topological charge, each of the high-field magnetic vortices has Q = −1/2. We note that our result reproduces the special case D/J = 0.5 obtained before [34] .
In order to describe the quantum spin fluctuations about the AFM-SkX, we construct the Hamiltonian of free spin waves using Holstein-Primakoff (HP) bosons [42] . For the noncollinear texture of an AFM-SkX, it is convenient to choose the spin quantization axis along the direction of the classical ground state. This is accomplished by introducing an orthonormal basis at each site r, {e 
When the magnetic unit cell of the classical ground state texture is comprised of more than one spin, as in the case of an AFM-SkX, the lattice site index r can be partitioned as r = R + r j . Here R is a Bravais lattice vector and the r j 's label the spins within the magnetic unit cell. Under this relabeling, the local basis vectors satisfy e α Rj = e α j , the HP boson destruction operators are now written as a Rj and are related to their lattice Fourier transforms through a Rj = 1 √ N k e ik·(R+rj ) a kj , with N being the total number of magnetic unit cells.
Following the standard procedure, the spin-lattice Hamiltonian is expanded as a series in 1/S [43] . Upon Fourier transformation the spin wave Hamiltonian, identified as the O(S) piece, is then given by
where
and
Here, 
To ensure that the new operators α kλ and α † kλ satisfy the bosonic algebra, T k must be paraunitary, i.e., T k σ z T † k = σ z , where σ z acts on the subspace of α kλ and α † −kλ [44] . The diagonalized spin wave Hamiltonian has the final form
with E kλ the energy of the λ-th magnon band. The ground state of this Hamiltonian is defined by α kλ |GS = 0, and |k, λ = α † kλ |GS represents a single magnon state. Note that the number of magnon bands is equal to the number of spins in the magnetic unit cell. In the following, we use the algorithm developed in Ref.
[44] to calculate T k numerically.
The Berry curvature of the λ-th magnon band is given by
k σ z are projection operators, and Π λ is a diagonal matrix whose λ-th diagonal element is +1 and zero otherwise. Finally, the corresponding Chern number reads C λ = dk B λ (k)/2π, and the integration is over the first Brillouin zone (BZ).
Topological Magnons and Edge States. We first discuss the bulk magnon band structure. Figure 3 shows the lowest-energy bands and their Chern numbers. No band vanishes at the gamma point (the lowest-energy band also has a tiny gap), i.e., there are no Goldstone modes [45] . It should also be noted that the minimum of the second band is at a higher energy than the maximum of the first band, meaning that the first gap is global. Even though higher order gaps in Fig. 3 can be found for each momentum, they are not global. Furthermore, the first band is topologically nontrivial: it has Chern number C 1 = −1. By virtue of the bulk-edge correspondence [46, 47] , we expect chiral magnonic edge states with negative chirality within the first bulk magnon gap. These results are robust since they extend over a sizable region of the phase diagram. We find C 1 = −1 for all the AFM-SkX simulated values (blue and pink squares) from Fig. 2 . For a strip geometry, however, the existence of the edge states needs to be proven explicitly since the bulk-edge correspondence relies on an integer number of unit cells within the strip [48] , which is generically not the case, see Fig. 4 . Nevertheless, edge states emerge as we show next by allowing the texture to readjust to the new geometry. For this we recompute the classical ground state texture for open boundary conditions at the edges and periodic ones along the x-axis (see Fig. 4 ). After identifying the new magnetic unit cell, the one-dimensional magnon band structure is computed (see Fig. 4 inset) . Two states within the first gap have now appearedconnecting the bulk bands corresponding to the first and second bands from Fig. 3 -that cross at k x = 0.5G s , with G s the size of the one-dimensional BZ. Additionally, these in-gap states are chiral. We define the magnonic contribution of the right-/left-moving state wave function by
2 , where j labels the site within the magnetic unit cell, see Fig. 5 (a). For k x values corresponding to energies well within the global band gap, the right-/left-moving state is always localized at the top/bottom edge. On the other hand, when these states have an energy close to the bulk bands their wave functions are no longer edge-localized. Thus, these are indeed edge states [49] . Another quantity of interest is the magnon spin of these chiral edge states. The total magnon spin carried by the right-moving edge state is defined as S R (k x ) = k x , R|S tot |k x , R − GS|S tot |GS , where S tot = R,j S Rj . To lowest order in the HP operator expansion series it becomes S R (k x ) = − j s R (j, k x ) e 3 j , with s R (j, k x ) the magnon spin density of the state |k x , R = α † kxR |GS . Similar definitions are used for |k x , L . In Fig. 4 inset, |S R | and |S L | are color-coded in blue and red gradients (darker blue/red indicates higher magnon spin magnitude), and they both range between 0.73 and 0.83. Further, s R and s L are localized at the top and bottom edge, respectively, as seen in Figure 5(b) .
Discussion. Introducing edges in the strip geometry leads to a slightly distorted AFM-SkX from that of the infinite bulk case. For a sufficiently wide strip and well within its bulk, the distortions should decrease and the texture would resemble more the pristine AFMSkX. Nevertheless, the fact that the chiral edge states we obtain are in full agreement with the bulk-edge correspondence, is further confirmation that continuous and small deformations in the Hamiltonian-in this case in the classical ground state texture-should affect neither the topology of the bulk bands nor the corresponding edge states as long as they do not close gaps. The same topological stability applies to the infinite bulk system. Changes in D/J and magnetic field within the AFM-SkX region of the phase diagram from Fig. 2 do not close the first magnon gap and thus the Chern number of the first band remains at C 1 = −1. Previous numerical studies of the magnonic band structure in ferromagnetic SkX's consistently found that the two lowest-energy bands were topologically trivial [32, 50] . Our own numerical simulations also confirm these reports. Therefore, the lowest-energy edge states hosted by ferromagnetic SkX's can only appear at the third bulk magnon gap. On the other hand, the lowestenergy edge states in the AFM-SkX we study here lie within the first bulk magnon gap. This relevant distinction makes this AFM-SkX potentially more interesting for applications as small energies would be needed to excite magnonic edge states. More importantly, the higher the energy the more significant the magnon-magnon interactions become, resulting in linewidth broadening of high-energy magnon bands as confirmed by numerical calculations [38] . Therefore, the fact that the edge states emerge at low energies puts on a firmer footing the use of the noninteracting magnon approximation.
Skyrmions in two-sublattice antiferromagnets are expected to experience no skyrmion Hall effect due to their vanishing topological charge, an attractive property for applications that require skyrmions to follow a straight trajectory. In fact, a suppression of the skyrmion Hall effect was measured in two-sublattice ferrimagnetic thin films [51] . In contrast, the three-sublattice structure of the AFM-SkX we study here is responsible for the Q = −1 topological charge carried by its magnetic unit cell. This nontrivial magnetic texture topology would therefore lead to the observation of the topological and skyrmion Hall effects in metallic systems.
Topological magnons in a two-sublattice ferrimagnetic SkX have been studied analytically using a continuum model [33] . At the compensation point, when the model effectively described an AFM-SkX, the edge states were found to be helical. It is possible that the external magnetic field that stabilizes the three-sublattice AFM-SkX or the emergent magnetic field due to its texture-fully incorporated in our description, while for simplicity taken as uniform in Ref. [33] -favors the chiral edge states we find.
There are many materials reported in the literature as good candidate systems that realize a two-dimensional triangular Heisenberg antiferromagnet [52, 53] . Among them are the insulators NiGa 2 S 4 , NaCrO 2 , and only a small group of them present DMI, such as CsCuCl 3 . However, it appears possible to induce interfacial DMI in these systems by coupling them to heavy atoms in multilayers as has been done with materials supporting ferromagnetic skyrmions [54] . The experimental detection of the magnonic edge states could be achieved combining state-of-the-art ferromagnetic resonance (FMR) [55, 56] and optical imaging [57, 58] techniques. Magnons excited by FMR frequencies tuned to the energy window of the first bulk magnon gap would be observed only at the edges and not in the bulk of the sample. The fact that the edge states predicted here emerge at the lowest possible energies should also promise long magnonic lifetimes.
Conclusions.
We have shown that AFM-SkX's have topological magnon bands and moreover host topologically-protected chiral magnonic edge states in generic strip geometries.
Furthermore, the lowestenergy edge states can emerge even within the first bulk magnon gap. These findings highlight the richness of the magnonic excitations in electrically insulating AFMSkX's and their potential as platforms for topological magnonics where the properties that make antiferromagnets attractive for applications could be harnessed.
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